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Abstract—Nonlinear non-Gaussian state-space models arise in
numerous applications in control and signal processing. In this
context, one of the most successful and popular approximation
techniques is Sequential Monte Carlo (SMC) methods, also
known as particle filters. Nevertheless, these methods tend to
be inefficient when applied to high dimensional problems. In
this paper, we present an overview of Markov chain Monte
Carlo (MCMC) methods for sequential simulation from posterior distributions, which represent efficient alternatives to SMC
methods. Then, we describe an implementation of this MCMCBased particle algorithm to perform the sequential inference for
multitarget tracking. Numerical simulations illustrate the ability
of this algorithm to detect and track multiple targets in a highly
cluttered environment.

I. I NTRODUCTION
In many applications, we are interested in estimating a
signal from a sequence of noisy observations. This problem
can generally be stated in a state space form as follows.
A transition equation describes the prior distribution of a
hidden Markov process {xk ; k ∈ N}, xk ∈ Rnx and an observation equation describes the likelihood of the observations
{zk ; k ∈ N}, zk ∈ Rnz . Within a Bayesian framework, all
relevant information about xk given observations up to and
including time k can be obtained from the filtering distribution
p(xk |z0:k ).
Except in a few special cases, including linear and Gaussian
state space models (Kalman filter) and hidden finite-state space
Markov chains, it is impossible to evaluate this filtering distribution analytically. Since the nineties, sequential Monte Carlo
(SMC) approaches have become a powerful methodology to
cope with non-linear and non-Gaussian problems [1].These
methods, also known as particle filters (PF), exploit numerical
representation techniques for approximating the filtering probability density function of inherently nonlinear non-Gaussian
systems. Using these methods, the obtained estimates can be
set arbitrarily close to the optimal solution (in the Bayesian
sense) at the expense of computational complexity. Due to
their sampling mechanization, PFs tend to be inefficient when
applied to high-dimensional problems such as multi-target
tracking.
Markov chain Monte Carlo (MCMC) methods are generally more effective than PFs in high-dimensional spaces.
Their traditional formulation, however, allows sampling from
probability distributions in a non-sequential fashion. Recently,
sequential MCMC schemes were proposed by [2]–[6]. These
approaches are distinct from the Resample-Move scheme [7]

in particle filter where the MCMC algorithm is used to
rejuvenate degenerate samples following importance sampling
resampling. These methods [2]–[6] use neither resampling nor
importance sampling.
In this paper, we will review existing approaches that use
MCMC methods in a sequential setting in order to approximate
the filtering distribution. Then, we will apply this method for
multitarget tracking. The purpose of multiple object tracking algorithms is to detect, track and identify targets from
sequences of noisy observations provided by one or more
sensors. The difficulty of this problem has increased as sensor
systems in the modern battlefield are required to detect and
track objects in very low probability of detection and in hostile
environments with heavy clutter.
The paper is organized as follows. In Section II, existing
sequential MCMC approaches are reviewed and discussed.
Section III describes how such algorithms can be efficiently
employed for the challenging multitarget tracking problem.
Numerical results are shown in Section IV. Conclusions are
given in Section V.
II. MCMC-BASED PARTICLE M ETHODS
In this section, we will describe the sequential approaches
using MCMC proposed in [2]–[6].
A. Targeting the Filtering Distribution
In a Bayesian framework, we are aimed at computing the
filtering posterior distribution p(xk |z0:k ) recursively by
Z
p(xk |z0:k ) ∝ p(zk |xk )p(xk |xk−1 )p(xk−1 |z0:k−1 )dxk−1

(1)
Unfortunately in many applications, this distribution is analytically intractable. In [3], the authors have proposed to
use a MCMC in a sequential setting in order to obtain an
approximation of this filtering distribution. This is achieved
by using a set of unweighted particles to represent the density
p(xk−1 |z0:k−1 ):
p(xk−1 |z0:k−1 ) ≈

Np
1 X
(j)
δ(xk−1 − xk−1 )
Np j=1

(2)

where Np is the number of particles and (j) the particle index.
Then, by plugging this particle approximation into Eq. (1),
Np
X
1
(j)
p(xk |xk−1 )
p(zk |xk )
p(xk |z0:k ) ≈
Np
j=1

(3)

A MCMC procedure is designed using (3) as the target
distribution with a proposal distribution of q(xk |xm
k ). Then,
by using the appropriate acceptance ratio, the desired approximation pb(xk |z0:k ) is obtained by storing every Nthin th
accepted sample (thinning) after the initial burn-in (Nburn )
iterations. Unfortunately, the computational demand of this
MCMC-based particle filter by Khan et al. can become excessive as the number of particles increases owing to its
direct Monte Carlo computation of the predictive density at
each time step (in general O(Np ) per MCMC iteration). This
algorithm, summarized in Algorithm 1, will be denoted below
by Marginalized MCMC-Based Particle Algorithm.
Algorithm 1 Marginalized MCMC-Based Particle Algorithm
(j) Np

1: Initialize particle set {x−1 }j=1
2: for k = 1, . . . , T do
3:
for m = 1, . . . , NM CM C do
4:
Propose {x∗k } ∼ q(xk |xm−1
)
k
∗
m
5:
Compute
the MH acceptance

 probability ρ(xk , xk ) =
p(x∗ |z

6:
7:

8:
9:

Metropolis-Hastings (MH) proposal step where both xk and
xk−1 are updated jointly, as well as individual refinement
Metropolis-within-Gibbs steps where xk and xk−1 are updated
individually. This algorithm, summarized in Algorithm 2, will
be denoted by MCMC-Based Particle Algorithm.
As a comparison, Berzuini et al. [2] made use of the
individual refinement step to move the current state xk as well
as the particle representation xk−1 . This can potentially lead to
poor mixing in high-dimensional problems due to the highlydisjoint predictive density of the particle representation. On
the other hand, Golightly and Wilkinson [4] made use of only
the joint draw to move the MCMC chain. This can potentially
reduce the effectiveness of the MCMC as refinement moves
are not employed to explore the structured probabilistic space.
In [6], Septier et al. have proposed to incorporate, into
the framework of this MCMC-based particle scheme, several
attractive features of genetic algorithms and simulated annealing. We refer the reader to that paper for details.

) q(xm |x∗ )

k
k
min 1, q(xk∗ |x0:k
m ) p(xm |z
0:k )
k k
k
m
∗
∗
Accept {xk } = {xk } with probability ρ(xm
k , xk )
After a burn in period of Nburn , keep every Nthin MCMC
(j)
output xk = xm
k as the new particle set for approximating
PNp
(j)
p(xk |z0:k ), i.e. pb(xk |z0:k ) = N1p j=1
δ(xk − xk )
end for
end for

Algorithm 2 MCMC-Based Particle Algorithm
(j) Np

1: Initialize particle set {x−1 }j=1
2: for k = 1, . . . , T do
3:
for m = 1, . . . , NM CM C do
4:
Joint Draw
, xm−1
5:
Propose {x∗k , x∗k−1 } ∼ q1 (xk , xk−1 |xm−1
k
k−1 )
6:
Compute
the MH acceptance probability ρ1


min 1,

B. Targeting the Joint Posterior Distribution
To avoid numerical integration of the predictive density
at every MCMC iteration, an alternative algorithm has been
developed in [5]. This algorithm can be considered as a
generalisation of the features of some existing sequential
MCMC algorithms, which allow for further extensions and
insights into the formulation. A special case of it has been
used by [2] in an early paper on sequential inference using
MCMC. It was applied to a dynamical model with expanding
parameter space. It has also been used by [4] which was
applied to imputing missing data from nonlinear diffusions.
The MCMC-Based Particle Algorithm in [5] considers the
general joint posterior distribution of xk and xk−1 :
p(xk , xk−1 |z0:k ) ∝ p(zk |xk )p(xk |xk−1 )p(xk−1 |z0:k−1 ) (4)
A MCMC procedure will then be used to make inference from
this complex distribution, i.e. Eq. (4) is the target distribution.
Clearly, there will not be a closed form representation of the
posterior distribution p(xk−1 |z0:k−1 ) at time k − 1. Instead,
like in the previous algorithm, it will be approximated with an
empirical distribution based on the current particle set , Eq.
(2).
Then, having made many joint draws from Eq. (4) using an
appropriate MCMC scheme, the converged MCMC output for
variable xk can be extracted to give an updated marginalized
particle approximation to p(xk |z0:k ). In this way, sequential
inference can be achieved.
More precisely, at the mth MCMC iteration, the procedure,
to obtain samples from p(xk , xk−1 |z0:k ), involves a joint

7:
8:
9:
10:
11:
12:
13:
14:
15:

16:
17:

=


∗
p(x∗
k ,xk−1 |z0:k )

∗
q1 (xm−1
,xm−1
|x∗
k ,xk−1 )
k
k−1

)
q1 (x∗
,x∗
|xm−1 ,xm−1
k−1
k k−1 k

,xm−1
|z0:k )
p(xm−1
k
k−1

m
∗
∗
Accept {xm
k , xk−1 } = {xk , xk−1 } with probability ρ1
Refinement
m
Propose {x∗k−1 } ∼ q2 (xk−1 |xm
k , xk−1 )
Compute  the ∗ MH
acceptance
probability

m ∗
m
p(x
|xm
k ,z0:k ) q2 (xk−1 |xk ,xk−1 )
ρ2 = min 1, q2 (x∗k−1|xm
m
m
m
,xk−1 ) p(xk−1 |xk ,z0:k )
k−1 k
∗
Accept {xm
k−1 } = {xk−1 } with probability ρ2
m
Propose {x∗k } ∼ q3 (xk |xm
k , xk−1 )
Compute  the ∗ m MH
acceptance
 probability
∗ m
p(x |x
,z0:k ) q3 (xm
k |xk ,xk−1 )
ρ3 = min 1, q3 (xk∗ |xk−1
m ,xm ) p(xm |xm ,z
)
k k
k
k−1 0:k
k−1
∗
Accept {xm
k } = {xk } with probability ρ3
After a burn in period of Nburn , keep every Nthin MCMC
(j)
output xk = xm
k as the new particle set for approximating
PNp
(j)
p(xk |z0:k ), i.e. pb(xk |z0:k ) = N1p j=1
δ(xk − xk )
end for
end for

III. A PPLICATION TO M ULTITARGET T RACKING
A. Problem Formulation
In this study, we consider a time-varying number of targets.
As a consequence, the target states are variable dimension
quantities since targets can appear or disappear from the scene
randomly over time. In order to model this birth and death
process, we choose to use a set of existence variables ek with
elements ek,i ∈ {0, 1} model the birth and death process
for each individual target. In this formulation, the targets’
kinematic vector is thus regarded as fixed dimensional quantity
with Nmax targets, each of which being active or inactive
according to its existence variable ek,i .

In this application, the aim is thus to compute, at time
tk , the filtering posterior distribution p(xk , ek |z0:k ) where
xk = [xk,1 · · · xk,Nmax yk,1 · · · yk,Nmax ẋk,1 · · ·
ẋk,Nmax ẏk,1 · · · ẏk,Nmax ]T , ek = [ek,1 · · · ek,Nmax ]T
and z0:k are respectively the targets’ kinematics vector, the
existence vector and the observation set from time t0 to tk .
In this work, we consider that the targets evolve independently of one another and the existence variable and the targets’ kinematics are independent, so the transition probability
distribution can be expanded as follows

3) Association Free Observation Model: An association
free observation is considered in this study. At each
n time step
o
k
tk , a set or frame of sensor measurements zk = z1k , ..., zM
k
is received from a sensor scanning within an observation
space, where Mk is the number of measurements (both target
and clutter) returned by the sensor. Since any element of zk
may originate from a true target or from clutter, a Poisson
process is adopted to model the observations falling in a
specific region. The number of the nth target measurements is
randomly generated from a Poisson distribution having mean
Λnx whereas the number of clutter measurements have a mean
p(xk , ek |xk−1 , ek−1 ) = p(xk |xk−1 , ek , ek−1 )p(ek |ek−1 )
QNmax
= n=1 p(xk,n |xk−1,n , ek,n , ek−1,n )p(ek,n |ek−1,n ) (5) number ΛC [9]. Accordingly, the likelihood function of the
observations can be expressed as
We now describe the various densities involved in the
M
e−µk Yk
computation of the filtering posterior distribution.
p(zk |xk ) =
λ(zm
(12)
k )
1) The prior distribution of the existence variables: Each
Mk ! m=1
target’s existence variable will be modeled as a discrete
PNT ,k n
Markov chain [8] which is independent of all other states. where µk = ΛC + n=1
Λx is the expected total number of
In this paper, the birth process is modeled as a Bernoulli like measurements received at time tk and
the death process, i.e.:
NT ,k
X
m
m
Λnx px (zm
(13)
λ(zk ) =
p(ek,n |ek−1,n ) = δ(ek,n − 1) [(1 − PD )δ(ek−1,n − 1)
k |xk,n ) + ΛC pC (zk )
+PB δ(ek−1,n )] + δ(ek,n ) [(1 − PB )δ(ek−1,n )
+PD δ(ek−1,n − 1)]

n=1

(6)

where PB and PD are probability values for a target to become
respectively active (“alive”) or inactive (“dead”).
2) The transition probability of the targets: The transition
probability of the nth target can be partitioned according to
ek,n and ek−1,n as follows:
p(xk,n |xk−1,n , ek−1:k,n )

if {ek,n , ek−1,n } = {1, 0}
 pb (xk,n )
pd (xk,n )
if ek,n = 0
(7)
=

pu (xk,n |xk−1,n ) if {ek,n , ek−1,n } = {1, 1}

Target Birth - The target can appear anywhere uniformly in
the surveillance area of Lx by Ly . The speed is also uniformly
distributed between −Vmax and Vmax , i.e.
pb (xk,n ) =

U(xk,n |0, Lx )U(ẋk,n | − Vmax , Vmax )
U(yk,n |0, Ly )U(ẏk,n | − Vmax , Vmax ) (8)

where U(·|a, b) is the continuous uniform distribution for the
interval [a, b].
Target Death - For an inactive target, i.e. ek,i = 0 , we
will keep the target state at some xdeath , which is the state
where an inactive target is represented.
pd (xk,n ) = δ(xdeath )

(9)

Target Update - This case corresponds to active targets that
will be updated according to the near constant velocity model
pu (xk,n |xk−1,n ) = N (xk,n |Ak,n xk−1,n , Qk,n )

(10)

where the matrices Ak,n and Qk,n are defined as follows:


 3

(τk /3)I2 (τk2 /2)I2
I
τk I2
2
, Qk,n = σx,n
Ak,n = 2
τk I2
(τk2 /2)I2
02
I2
(11)
with τk = tk − tk−1 .

with px (.) and pC (.) being the likelihood functions of target
and clutter measurements and NT,k the number of targets
at time tk . For the measurements issuing from the nth
m
m T
target, zm
is considered to be drawn from
k = [zk,x , zk,y ]
m
m
px (zk |xk,n ) = N (zk |xk,n , Σx ). The clutter measurements
are drawn uniformly in the surveillance region, i.e. pC (zm
k )=
m
m
U(zk,x
|0, Lx )U(zk,y
|0, Ly ).
B. Application of MCMC-Based Particle Algorithm
In this section, we will describe one possible implementation of the MCMC-based Particle approach (Algorithm 1) for
this problem. For the joint draw of {xk , ek , xk−1 , ek−1 }, the
following proposal distribution is used:
m
m
m
q1 (xk , ek , xk−1 , ek−1 |xm
k , ek , xk−1 , ek−1 )
PNP
(j)
(j)
(j)
(j)
∝ j=1
p(xk |xk−1 , ek )p(ek |ek−1 )δ(xk−1 )δ(ek−1 ) (14)

Then, in refinement step, we sample successively each of
the individual targets and their associated existence variables
max
{xk,n , ek,n }N
n=1 by using this proposal distribution:
m
m
m
q3 (xk,n , ek,n |xm
k,n , ek,n , xk−1 , ek−1,n ) =
m
p(xk |xm
k−1 , ek,n )p(ek,n |ek−1,n )

(15)

In this implementation, {xk−1 , ek−1 } are not sampled in the
refinement step, so the proposal distribution q2 (.) in Algorithm
1 is not defined.
IV. N UMERICAL S IMULATIONS
Consider a time-varying number of targets (max of 5)
moving using the near-constant velocity model defined in Eq.
(10) as shown in Fig. 1. Note that targets 1-3 are born at time
k = 1, targets 4-5 are born at time k = 25, and target 1
dies at time k = 50. The starting and stopping positions for
each track are labelled with a circle and triangle respectively.
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Fig. 3. True cardinality (solid line) shown versus estimated mean cardinality and corresponding standard deviation for the MCMC-Based particle
Algorithm over 50 Monte Carlo runs

years for approximating the filtering distribution in a general
state-space model. These methods clearly represent interesting
alternatives to SMC methods, especially for high-dimensional
problems. This approach is then efficiently applied to detect,
track and identify multiple targets in very low probability
of detection and in hostile environments with heavy clutter.
Simulations show that this approach exhibits a good tracking
performance.
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Cardinality Statistics

Individual target motions follow the near constant velocity
motion model with a sampling period of τk = 3s and process
2
noise variance σx,n
= 0.5. The observation scene is a square of
5000m × 5000m. The parameters involved in the observation
model are Λnx = 1, ΛC = 20 and Σx = 100×I2 . The MCMCBased particle scheme is implemented using Np = 4000
particles, a burn-in period of Nburn = 1000 and a thinning
value of 6.
The estimated tracks for a single run are shown in Fig.
2. The MCMC-Based particle algorithm has successfully detected and tracked the multiple targets in a hostile environment
with heavy clutter. Fig. 3 shows the mean and standard
deviation of the estimated cardinality distribution. From this
figure, we can see that the proposed algorithm is capable
of adequately tracking the varying number of targets in the
observation scene.
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V. C ONCLUSION
In this paper, we have reviewed the various MCMC-Based
particle algorithms that have been developed over the past
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Mathematical Sciences Institute - SMC program for providing
a collaborative research environment that assisted with the
development of our ideas.
R EFERENCES
[1] A. Doucet, S. Godsill, and C. Andrieu, “On sequential Monte-Carlo
sampling methods for Bayesian filtering,” Statistics and Computing,
vol. 10, pp. 197–208, 2000.
[2] C. Berzuini, N. G. Best, W. R. Gilks, and C. Larizza, “Dynamic Conditional Independence Models and Markov Chain Monte Carlo Methods,”
Journal of the American Statistical Association, vol. 440, pp. 1403–1412,
Dec. 1997.
[3] Z. Khan, T. Blach, and F. Dellaert, “MCMC-based Particle Filtering for
Tracking a Variable Number of Interacting Targets,” IEEE Transactions
on Pattern Analysis and Machine Intelligence, vol. 27, pp. 1805–1819,
Nov. 2005.
[4] A. Golightly and D. J. Wilkinson, “Bayesian Sequential Inference for
Nonlinear Multivariate Diffusions,” Statistics and Computing, pp. 323–
338, Aug. 2006.
[5] S. K. Pang, J. Li, and S. J. Godsill, “Models and Algorithms for Detection
and Tracking of Coordinated Groups,” in IEEE Aerospace Conference,
Mar. 2008, pp. 1–17.
[6] F. Septier, A. Carmi, S. K. Pang, and S. J. Godsill, “Multiple Object
Tracking Using Evolutionary and Hybrid MCMC-Based Particle Algorithms,” in 15th IFAC Symposium on System Identification, (SYSID 2009),
Saint-Malo, France, Jul. 2009.
[7] W. R. Gilks and C. Berzuini, “Following a Moving Target-Monte Carlo
Inference for Dynamic Bayesian Models,” Journal of the Royal Statisticsal Society. series B (Statistical Methodology), vol. 63, pp. 127–146,
2001.
[8] J. Vermaak, S. Maskell, M. Briers, and P. Perez, “A Unifying Framework
for Multi-Target Tracking and Existence,” in 8th International Conference
on Information Fusion, vol. 1, Jul. 2005, pp. 25–28.
[9] K. Gilholm, S. Godsill, S. Maskell, and D. Salmond, “Poisson Models
for Extended Target and Group Tracking,” SPIE Conference : Signal and
Data Processing of Small Targets, Proceedings of, Aug. 2005.

