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Abstract

This paper addresses the generalisation of stationary Hawkes processes in order to allow
for a time-evolving second-order analysis. Motivated by the concept of locally stationary
autoregressive processes, we apply however inherently different techniques to describe the
time-varying dynamics of self-exciting point processes. In particular we derive a stationary
approximation of the Laplace transform of a locally stationary Hawkes process. This allows
us to define a local intensity function and a local Bartlett spectrum which can be used to
compute approximations of first and second order moments of the process. We complete the
paper by some insightful simulation studies.
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1. Introduction

Introductory work on Hawkes processes, an important class of self-exciting point processes,
and in particular on the analysis of its spectrum, the Bartlett spectrum (i.e. the Fourier
transform of the autocovariance of the process) is to be found mainly in the following seminal
references: [1, 2, 3, 4]. A. Hawkes ([1]) was the first to provide for the definition of a point
process with a self-exciting behaviour. Intuitively similar to a Poisson process, the conditional
intensity function of a Hawkes process is however stochastic as it depends on its own past
events. Whereas Hawkes’ model was introduced to reproduce the ripple effects generated after
the occurrence of an earthquake, applications of this model have become since then really

*Corresponding author
Email addresses: roueff@telecom-paristech.fr (Frangois Roueff), rvs@uclouvain.be (Rainer von
Sachs), laure.sansonnet@agroparistech.fr (Laure Sansonnet)

Preprint submitted to Elsevier May 20, 2015



numerous in many and diverse fields such as seismology (see e.g., [5], for a recent review),
biology ([6] on genome analysis) or neuroscience ([7] on brain data analysis), to name but a
few. Recently, this model is also being widely used in finance where self-exciting processes led
to many applications such as microstructure dynamics ([8]), order arrival rate modelling and
high-frequency data ([9], [10], [11]), financial price modelling across scales ([12]), and many
others. For a really comprehensive list of applications of Hawkes processes (including very
recent applications on limit order book modelling as in [13]) we refer also to the recent PhD
thesis of A. Tuga ([14]).

In this paper, we contribute by generalising existing models of stationary Hawkes processes
(i.e. with time-invariant second order structure) to model and capture their time-varying
dynamics. To begin with, we recall some basic features of a stationary linear Hawkes process
with fertility p defined on the positive half-line. The conditional intensity function A(t) of
such a process is driven by the fertility function taken at the time distances to previous points
of the process, i.e. A(t) is given by

A(t):z/+/t pt—s) N(ds) = v+ plt—t). (1)

-0 i<t

Here the first display is to be read as the stochastic Stieltjes integral of the “fertility” function
p with respect to the counting process N (t). As will be derived in more detail in Section 2.2
below, linear self-exciting processes can also be viewed as clusters of point processes. For a
classical Hawkes process on the real line, these point processes are Poisson processes, and
each event is one of two types: an immigrant process or an offspring process. The immigrants
follow a Poisson process and define the centers of so-called Poisson clusters. As immigrants
and offsprings can be referred to as “main shocks” and “after shocks” respectively, an inter-
esting interpretation arises which is useful not only in seismology but also in high-frequency
finance. We refer to [10] who exploit that Hawkes processes capture the dynamics in financial
point processes remarkably well, and hence, their cluster property can serve as a reasonable
description of the timing structure of events on financial markets.

In the more general case of spatial Hawkes processes with values in Rf, the cluster dy-
namics and interpretation remains the same, except that the immigrants now constitute a
more general spatial point process whereas conditionally on a given point s of the Hawkes
process (“population”), independently of the previous history, the resulting offspring process
is Poisson as it is in the one-dimensional case, again with non-negative (and locally integrable)
fertility rate p(- — s). Spatial Hawkes processes provide natural models for e.g. a population
of reproducing individuals or the development of an epidemic.

For spatial Hawkes process in general we refer, e.g., to [15] whereas [4] consider (unmarked)
stationary spatial Hawkes processes and obtain the Bartlett spectrum, assuming the existence
of the Bartlett spectrum of the immigrant process.

In this paper we develop a new non-parametric model of a generalised (temporal, spatial,
or spatio-temporal) Hawkes process with a view on analysis of its Bartlett spectrum. Indeed,
the challenge and motivation for our new approach comes from the fact that these days, in
many of the afore-mentioned applications such as genomics or high-frequency data analysis
practitioners have to face (potentially very) long data stretches. Hence the assumption of a
stationary model is no more realistic and needs to be given up. In terms of spectral analysis
of Hawkes processes, this means that a time-frequency analysis is required which calls for the
development of a mathematical model: this model should allow for a rigorous definition of a



generalised, i.e. time-varying, Bartlett spectrum. In this paper we adopt the point of view
of local stationarity as introduced by Dahlhaus (see, e.g., [16]) in order to accomplish this
task. Here the idea is that the observed Hawkes process is embedded into a doubly-indexed
sequence of processes which, as sample size T becomes larger and larger, can locally be better
and better approximated by a stationary Hawkes model. Similarities to the treatment of
locally stationary autoregressive processes exist, e.g. already formally by letting the fertility
function p(t—s) in equation (1) now depend explicitly on time taking the form p(t—s;t), akin
the time-dependency of the autoregressive coefficients of a locally stationary process (see our
formal development in Section 2.4). However as the dynamics of self-exciting point processes
are different from autoregression on the real line, the techniques employed here are inherently
different. In particular we derive a stationary approximation of the Laplace transform of the
underlying non-stationary Hawkes process by a local Laplace transform. This allows us to
define a local intensity function and and a local Bartlett spectrum of the locally stationary
Hawkes process. We show how those are used to compute in particular approximations of
first and second order moments of the process, including rates of convergence. However, our
derivations more generally allow for treatment of all its moments (under suitable and, since
the Laplace function characterizes the distribution of a point process uniquely, we can also
derive convergence in distribution of the non-stationary towards the locally approximating
stationary Hawkes process. We complete the paper by providing for some numerical studies
where we simulate some insightful examples of Hawkes processes with time-varying intensity
and Bartlett spectrum, respectively. We also indicate empirically how to estimate these
quantities from sampled data. The development of some asymptotic estimation theory using
the new framework presented in this paper is left for future work.

This paper is organised as follows. Section 2 introduces some notation used throughout the
paper and the formal definitions of non-stationary and locally stationary Hawkes processes,
as well as the assumptions related to these definitions. The main results are to be found
in Section 3, namely a local approximation of the Laplace functional of a locally stationary
Hawkes process by that of a stationary one. We also explain how to derive approximations of
cumulants and of the mean density. In Section 4, we focus on the one-dimensional case and
develop the notion of a local Bartlett spectrum, also discussing how to estimate this quantity
from data. This corresponds to a time frequency analysis for non-stationary point processes.
Section 5 provides some numerical experiments illustrating our approach. Finally, Section 6
contains the proofs of the main results. A postponed proof and a useful lemma have been
placed in Appendix Appendix A for convenience.

2. Main definitions and assumptions

2.1. Conventions and notation

Throughout the paper, ¢ is a positive integer and we work with point processes and
measures on the space R* endowed with the Borel o-field. For any = € R, we denote by |z|
the Euclidean norm of z.

A point process is identified with a random measure with discrete support, N = >, o7,
typically, where ¢; is the Dirac measure at point ¢t and {7} the corresponding (countable)
random set of points. We use the notation u(g) for a measure p and a function g to express
| gdp when convenient. In particular, for a measurable set A, p(A) = p(14) and for a point
process N, N(g) = >, g(Tk). The shift operator of lag ¢ is denoted by S’. For a set A,



S{(A) = {z — t, x € A} and for a function g, S*(g) = g(- +t), so that S*(14) = 1g ( )- One
can then compose a measure y with S, yielding for a function g, o S%(g) = u(g(- +1).
We also need some notation for the functional norms which we deal with in this work.

Usual L9-norms are denoted by [h/,,
1/q
h q = </ ’h‘q> )

for g € [1,00) and |h|_, is the essential supremum on R,

|h|o = esssup |h(t)] .
teRt
We also use the following weighted L' norm to control the decay of a function h : R — R
and a given positive exponent [,

gy = [ 1+ = [ 1mGo) 151 ds

Let now m be a positive integer and U be an open subset of C™. Define O (U) be the set
of holomorphic functions from U to R. We will use the compact open topology presented in
[17, Section 1.4]. The convergence under this topology is equivalent to uniform convergence
over all compact subsets of U, and, more importantly, O (U) endowed with this topology is
complete. We denote, for all h € O (U) and compact sets K C U,

‘h’o,K = sup |h(2)] .
zeK

Recall that a holomorphic function A on U is infinitely differentiable on U and that, for any
multi-index o = (a1, ..., ) € N, the partial derivative operator 0% = (9/92z1)™ ... (0/0zm )™
is continuous over O (U) for the compact open topology. Let us denote, for r > 0, the poly-
torus T7"(z) = {2/ € C™ : |zl — z;| = r} and the polydisc P/"(z) = {2/ € C™ : |z] — z;| < r}.
We have moreover from [17, Theorem 1.3.3] that the partial derivatives satisfies the Cauchy
inequality

0°h(z) < 2 sup |h(2)] | (2)

where ol = aq!...qp,! and 7 = 2 . We denote by O (U) the set of Rf x U — R
functions h such that, for all t € R, z + h(t, z) belongs to O (U). The translation operator
S* is extended to this setting by defining S* for any s € R¢ as the operator

S5(h) : (t,2) — h(t+s,2),

that is, we translate h by the lag s only through its first parameter. When h € O (U), for
any multi-index o = (a1, ..., ), we denote by 9%h the function obtained by differentiating
with respect to the second variable, that is, for all t € R® and z = (z1,...,2n,) € U,

OEh(t, 2) = <a%>al " (%)am h(t,2) .

An immediate consequence of the Cauchy inequality is that for h € O (U), one can integrate
with respect to t and obtain a holomorphic function, providing some simple condition on the
integrability of the local supremum, see Lemma 15 for a precise statement.



For any p € [1,00], we further denote by O, (U) the subset of functions h € O (U) such
that function t — sup,¢ g h(t,2) has finite LP-norm on R for all compact set K C U. We
denote

ok p =

sup [h(-, z)]
z€K p
We also denote by Bg (r; K, p) the set of all functions g € O, (U) such that 9o ry < T

Finally, for a given exponent 8 > 0 and a compact set K C U, we use the following norm for
heO(U),

sup |h(-, 2)|

Rl =
oscqa = [sup

B
The corresponding balls are denoted, for given r > 0,

Bo (r; K, (8)) ={h € OU) : |hlg ) <7} -

2.2. Hawkes processes as cluster processes

Although intuitive, the definition of Hawkes processes through its conditional intensity
as in (1) is only adapted to time point processes. A more general approach for defining
Hawkes processes applying for points in the space R’ is to see them as a special case of
cluster processes. Cluster processes are point processes constructed via conditioning on the
realization of a so-called center process, usually a Poisson point process, denoted PPP in the
sequel (see [3, Section 6.3] for example). We consider here point processes on the space RE.

Let N, be a PPP with intensity measure u.. This is the starting point for the following
mechanism as it represents the immigrants which appear spontaneously (in fact, later on
they will represent those parents which are not generated by the iteration in the offspring
generation). At each center point t of N, a point process N (-|t) is generated (we will explain
below how these descendants of t are generated). The cluster process N is defined as the set
of all the immigrants (points of the PPP N,) and of all the descendants (realizations of the
point process N(:|t)) generated at each center point t of Ng:

N(A) = N.(N(A]")), for every bounded A in B(R) . (3)

Remark 1. Recall our notation : here, we have to do with an integration over center points t
using the measure N.. In fact, N(-|t) is called the component process (see [3, Definition 6.3.1])
generated at position ¢ and the process N is merely the superposition of all these components
when the center points ¢ runs over the support of N,.

Hawkes processes are cluster processes for which N, is a PPP and N(-|t) are independent
branching processes in which each point ¢ has offspring defined as a PPP with finite intensity
measure u(-|t). We detail below the iterative scheme for generating all generations of the
components N (-|t). For the moment, let us precise that standard Hawkes processes are made
stationary by assuming that N, is a homogeneous PPP on the whole space R and t + ju(-|t)
is shift invariant, u(-|t) = po St, where p is fixed (i.e. u = p(-|0)). In this case, the condition
p(R) < 1 insures that the obtained process has finite intensity (density) m = u./(1 — u(R))
(see [3, EXAMPLE 6.3(c)]). The second order properties are also derived in this case (see
[4, 15] for additional insights). In the following section, we extend the Hawkes model to the
non-stationary case by authorizing N, to be non-homogeneous and ¢ — p(:|t) to be non-shift
invariant.



2.8. Non-stationary Hawkes processes

In this section, we consider non-stationary Hawkes processes, namely ¢ — pu.(t) and
t — u(-|t) may not be shift invariant. The usual cluster construction still applies in this case.
Namely, each component N(:|t) can be constructed as the superposition of point processes
defined iteratively. For each center point t,

O(1t) = &
NOFD () = /m M) (ds|t), foralln >0,

where {m(™(.|s), s € R, n > 0} are independent PPPs with respective intensity measure
1(+|s). The resulting component at center point ¢ is defined as

N([t) =Y N™(t). (4)

n>0
We observe that for any non-negative (test) function g defined on R, we have
E[NO (g]t)] = g(t)

and, for all n > 0,

E [N (glt)] = E [EINCD (glt) | NO o] = B[N0 ((gl) |¢)] -

Hence, we obtain, for any n > 1,

E [N (glt)] = u(glt) . (5)
where p*" is defined iteratively as follows: for any g,

pglt)y = g(t) ©)
ot (glt) = u(u*"(gl')‘t), for any n >0 .

We also note that the intensity measure of a component generated at center point t reads

Mi(-[t) = BINCIt)] = - p*(ft) - (7)

n>0

It is easy to see that if u(-[t) = po S% then p*™(:|t) = u*" o St, where u*™ now denotes the
standard convolution of measures. Then (7) with ¢t = 0 corresponds to the formula given for
M, (A|0) in [3, Page 184].

From (7), we deduce that, for any non-negative function g,

My(glt) = g(t) + > 1" (glt)
n>1
and we conclude that
Mi(g) =E[N(@) = [ M(gle)pelat) (®)

Note however that at this point, N so defined may not have locally finite intensity measure
(E[N(g)] may be infinite for g bounded with compact support). This can be guaranteed by
the following result.



Theorem 1. Suppose that
(1 :=suppu (Rz‘t) <1. 9)
teR

Then the component process N (:|t) defined by (4) has finite moment measure satisfying

M (RYt) = E[N (R‘[¢)] <

1-¢

Proof. Observe that, for any non-negative function g, we have by (6) that, for all n > 0 and
all t € RY,

) (glt) < G sup (u*(”) (gl')> ,

where sup(g) denotes the sup of the function g over Rf. By induction, we get that

sup (4" (g1)) < ¢f'sup(g) ,
and the proof is concluded by applying (7). O

Consequently, applying (8), we conclude that under Condition (9), if p. is locally finite,
then N admits a locally finite intensity measure. Note also that Condition (9) corresponds
to the usual condition in the stationary case, see [3, EXAMPLE 6.3(c)].

2.4. Density assumption

We now assume that the intensity measures p. and p(-|t) admit densities with respect to
the Lebesgue measure on RY. We denote by A. the density of ji. and by d(- — t;t) the density
of wu(-|t). In this notation the fact that ¢ — p(-|t) is not shift invariant is apparent in the
fact that d(s — t;t) does not depend on s — ¢ only but also on ¢. Note also that the function
d(s —t;t) can be equivalently rewritten as a function of s —t and s (using an obvious change

of variable), which we do by introducing the function p(-;-) defined on R by setting
p(s—t;s) =d(s—t;t), forall s teR".

When localizing the non-stationary behavior, it will turn out to be more convenient to use the
description with the density p, that we call the (non-stationary) fertility function, rather than
with d. The intuitive reason is the following: coarsely speaking, d(s — t;t)ds = p(s —t;s)ds
represents the probability that a point ¢ has an offspring occurring around location s in an
elementary set ds. From this view, the location s corresponds to the position where the
probability mass is located and it is more convenient that the second argument corresponds
to this location rather than the location ¢ of the generating point.

Definition 1 (Non-stationary Hawkes process). We say that the so defined non stationary
Hawkes process has immigrant intensity function A. and varying fertility function p(-;-). By
Theorem 1 and (8), if

G = sup/p(s;t) ds <1 and |A], <00, (10)
teR?

then the point process admits a density function (the density of M;) which is uniformly
bounded by ||, /(1 — ).



The following argument will also be useful to simplify the proofs, since we often look at
the behavior of IV around a specific position ¢, which amounts to consider the behavior of
N o S~ around the origin.

Remark 2. Let N be a non-stationary Hawkes process with center intensity A. and fertility
function p(+;+). For any t € R, the distribution of the shifted process N o S~! defined by
N oS %(g) = N(g(- —t)) for a function g, is that of a non-stationary Hawkes process with
center intensity A.(- + ¢) and fertility function p(-;- +t).

2.5. Locally stationary Hawkes processes

The non-stationary Hawkes processes under the density assumption, can still evolve quite
arbitrarily in the space, as the functional parameters A. and p(-;-) can be quite general. The
stationary case corresponds to the case where \. is constant and p(-;-) is constant over its
second argument. This can be interpreted as a particular set of parameters for A\. and p(-;-),
which we explicitly exhibit by introducing the following notation. In the stationary case, the
immigrant intensity A. and fertility function p(+;-) only depend on the constant AS5~ and the
function p<5> : R — R, by setting

Ae(t) = A5, forallteR (11)
p(s;t) =p<57(s), forallteRands>0. (12)

We now wish to define a model of point process that can be locally interpreted as a
stationary Hawkes process, in the same fashion as locally stationary autoregressive processes
in time series (see [16]). The model is a doubly indexed point process Np(A4), A € B(R)
such that for each T' > 0, Nr is a non-stationary Hawkes process defined as previously.
Here T correspond to the size of the observation window so that we only observe Np(A)
for Borel sets A C TD, where D is a fixed domain and TD = {T'z, x € D}. The collection
(N7)7>0 of non-stationary Hawkes processes are defined using the same p. and t — pu(-|t)
but scaled differently so that, if the observation window has the form 7D, then it matches
the corresponding fixed domain I for these parameters. In this way, while the observations
evolve in T'D the parameter of interest is defined independently of T on the domain D). We call
this model a locally stationary Hawkes process and denote the fixed parameters by A="%~ and
p<tS>(-;+). For £ = 1, as for the locally stationary time series, one typically takes D = [0, 1].

Definition 2 (Locally stationary Hawkes process). A locally stationary Hawkes process with
local immigrant intensity A\s™5> and local fertility function p<“5~(-;-) is a collection (N7 )70
of non-stationary Hawkes processes with respective immigrant intensity and fertility function
given by A.p(t) = A~ (¢/T) and varying fertility function given by pp(-;t) = p<“S=(-;t/T).

For a given real location t, the scaled location t/T is typically called an absolute location
in D and denoted by u or v.

As explained in Definition 1, the following assumption, which corresponds to (10), guar-
antees that, for all T > 0, the non-stationary Hawkes process Ny admits a uniformly bounded
intensity function.

(LS-1) We have

(55> = sup /p<L5>(t; u)dt <1 and [AS®7] < oo. (13)
u€R?



Under this assumption, moreover, for each absolute location u € R, the function t —
p<F5> (t; u) satisfies the required condition for the fertility function of a stationary Hawkes pro-
cess. In the following, under (LS-1), for any absolute location u, we denote by N (-;u) a station-
ary Hawkes process with immigrant intensity A\S%%~ (u) and fertility function ¢ — p<"5~(¢; u).

3. Main results

3.1. Local approximation of the log Laplace functional

An important tool for statistical applications is to have a local approximation of Np as
T — co. Let us precise what we mean by “local” here. Let a fixed absolute location u € R
be given. Then N7 shifted at the real location Tw, namely Ny o S~T% approximately follows
the distribution of a stationary Hawkes process with intensity A<5> := A$>(u) and fertility
function p<5> := p<5=(-;u). To this aim the following remark will be useful.

Remark 3. By Remark 2, the exact distribution of Ny o S~ can be obtained by replacing
ASESZ(t/T) with ASY2 (¢ + Tw)/T) = A7 (u + t/T) and p<"*~(r;t/T) with p<"5~(r; (t +
Tu)/T) = p<"=(r;u + t/T). In other words, A\S">(v) is replaced by AS"5”(u + v) and
p=t7(siv) by p=t7 (su + ).

We examine local approximations of the distribution of the locally stationary Hawkes
process (N7)rso through the Laplace functional which is an efficient tool to describe the
distribution of point processes. We denote the Laplace functional of N7 by

£1(g) = Efexp Nr(g)] = E {exp [ mrtale) Nertan)|

where N.p and Np(+|t) are the corresponding center process and component process generated
by a center at location %, respectively. Our goal is to derive the asymptotic behavior of
L7(S7T%g) as T — oo for any given absolute location u and any function g. Under appropriate
condition, it should converge to the Laplace functional applied on g of a stationary Hawkes
process with immigrant constant intensity given by As"5 (u) and with fertility function given
by p<'*~(:;u). It is in fact more interesting to investigate convergence of the log-Laplace
functional using the norm Ho x defined in Section 2.1 by authorizing g to depend on an
auxiliary variable z € U. We will, by convenient abuse of notation, continue to write £(g) in
this setting, to denote the function z — L(g(+, z)) defined on U. Therefore using the notation
S introduced in Section 2.1, we now investigate the behavior, as T — oo, for any given u € RY,
of
Lr (5 Tug) : 2 = Elexp Np(g(- — Tu, 2))]

seen as a function defined on z € U. An example of application is to obtain approximations
of cumulants of arbitrary orders, since they can be obtained as

Cum (N(g1),...,N(gm)) = 0" |.—0,, log L(z191 + - + ZmGm) » (14)

where 1,, and 0, denote the m-dimensional vectors filled with ones and zeros, respectively.
We develop this idea in Section 3.2.
The following assumptions use some of the norms introduced in Section 2.1.

(LS-2) We have |[A\S57| < oo and
A7 (v) = ASH7 ()]

@) — o
= sup < o00.
T u o —ul?




(LS-3) We have |§(ﬁ)|1 < 00, where

= () = =t (rsw))

5(5)(7") := sup p

uv v —ul?
(LS-4) We have
<ts> . SEE P> ()| < oo, (15)
C<LS> = sup |p<LS> u)‘(ﬁ) < 00 . (16)

These assumptions can be interpreted as smoothness conditions on A5~ ( (LS-2)) and on
p<tS=(+;+) with respect to its second argument ( (LS-3)) and some uniform decreasing condi-
tion on p<™5~(-;-) with respect to its first argument ( (LS-4)).

We can now state the main result, where the appearing norms |-|p x, |10 x4+ I'lo 1, 3)
and the sets Bg (R; K,q) are all defined in Section 2.1. In this theorem, for any u € R¢,
we denote by L£(-;u) the Laplace functional of the stationary Hawkes process with constant
intensity AS%57 (u) and fertility function p<5=(-;u).

Theorem 2. Let 3 € (0,1]. Assume (LS-1), (LS-2), (LS-3), (LS-4). Let g € O1 (U)NOx (U)
such that for all compact set K C U,

slo 11 < (——1og<<bs>> (GFH) ) T (= ) 2 a7)

1916,k 00 < logC<LS> ()T = ) T gloen (18)

Then for each T > 0 and each u € R®, 2+ L1(g(-,2)) and z + L(g(-,2);u) can be expressed
as
Lr(g) = expolr(g) and L(g;u) = expoK(g;u),

where Kr(g) and K(g;u) are holomorphic functions on U. Moreover, for all T > 0, u € R’
and all compact sets K C U,

‘]CT(g_Tug) - K(g |O <G (’9‘@71{,(5) + Cy ‘g’@,KJ) T, (19)
where

|§(B)|1 IASES>| §£B) C<LS>

Cy = ((<1<LS>)1/2 _ C1<LS>)2 + (C1<LS>)1/2 _ C1<LS> and Cy = (C1<LS>)1/2 C1<LS>

(20)

Proof. This result requires preliminary results to be found in Sections 6.1 (about the deriva-
tion of the log-Laplace functional for non-stationary Hawkes processes) and 6.2 (about local
approximations for log-Laplace functional of the component processes Np(:|t)). The proof is
then completed in Section 6.3. O

Remark 4. Since we assume g € Op (U) in Theorem 2, we know that 9]0, rc1 < oo in the
right-hand side of (19). However the assumptions on g do not guarantee that |g|p (5 < oc.
This condition needs to be verified in order to apply (19) meaningfully, this fact should be
checked first.
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This theorem shows that for T" large, the Laplace functional of the non-stationary Hawkes
process Nt translated at location T'u can be approximated by that of the stationary Hawkes
process N (-;u). It moreover provides in (19) a rate of convergence T~ of this approximation
in an adequate norm. Since the Laplace function characterizes the distribution of Point
process, it is not surprising that an immediate corollary of Theorem 2 is that N translated
at location T'u converges in distribution to N(-;u) as T'— oo. Recall that the set of locally
finite nonnegative Borel measures on RY endowed with the usual weak convergence of locally
finite measures can be equipped with a metric to constitute a complete separable metric space,
see [3, Theorem A2.6.I11].

Corollary 3. Let B € (0,1]. Assume (LS-1), (LS-2), (LS-3), (LS-4). Then, for any u € R,
as T — 0o, the point process Ny o S™T% converges in distribution to N(;u).

Proof. By [18, Proposition 11.1.VIII], it is sufficient to show that, for a given continuous and
compactly supported function h : R® — R, the random variable NT(S_T“h) converges in
distribution to N(h;u). Let us define, for all (t,2) € Rf x C, g(t,2) = zg(t). Let U be the
open ball of C with center 0 and radius r» > 0. Then for any ¢ € [1,00] and any compact set
K c U, we have |g|p g , < 7|h|,, and similarly, |g]p x5 < 7 [h] ). Since |h|, and |h|g are
finite, we conclude that g satisfies (17) and (18) for r small enough and that [g|p x (5) < 0c.
Thus Theorem 2 gives that for 7 > 0 small enough, we have that z ~ E[exp(z N7 (S™T%h))]
and z +— Elexp(z N(h;u))] are holomorphic on U and the former converges uniformly to the
latter. This is enough to insure the convergence in distribution of N7(S~7%h) to N(h;u). O

Observe that in Corollary 3, we do not exploit the rate of convergence 77 established in
Theorem 2. Approximations on the cumulants will be more precise in that respect.

3.2. Local approximation of the cumulants

Recall that the cumulant of any order can be obtained from the log-Laplace functional
through Equation (14), which is valid whenever g1,..., g satisfy E[|N(g;)|™] < oco. Using
Theorem 2, we obtain the following result for approximating the cumulants of Np translated
at location Tu with those of N(-;u).

Theorem 4. Let § € (0,1]. Assume (LS-1), (LS-2), (LS-3), (LS-4). Then, for any T
and any u € RY and all bounded integrable functions h : R® — R, the random variables
Np(h) and N(h;u) admit finite exponential moments, that is, there exists a > 0 such that
Elexp (a|N7(h)|)] and Elexp (a |N(h;u)|)] are finite. Let moreover for any m > 1, g1,...,9m
be real valued bounded integrable functions on RY. Then for any T and any u € RY, we have

|Cum (NT(S_T“gl), e ,NT(S_T“gm)) — Cum (N(g1;u), ..., N(gm;w))|

m—1
2m=1Cy TP (
< I 19313 + C2l9;1, ) (195l + Cslgi) p
(—log ¢~7) j:lz.;,m ® j=1,...m
where Cy and Cy are defined in (20), and
<Ls>

Cs = (C1<LS>)1/2(1 _ C1<LS>)1/2 ) (21)

Proof. The proof of this result is given in Section 6.4. O

11



3.8. Local mean density

Applying Theorem 4 with m = 1, we obtain that the intensity measure M7 of the non-
stationary point process Ny can be approximated by the intensity measure M;~"%~(-;u) of the
stationary Hawkes process N(-;u), namely for any bounded and integrable function g defined
on R¢, we have

|M1T(S_T“g) _M1<LS>(g; u)| <C <|g|(5) + |g|1> T_B )

where C' is a positive constant. This result can be stated in a handier way by using the
densities of Mip and M;~"7(-;u). As seen in Definition 1, for all T > 0, Mi7 admits a
uniformly bounded density, hereafter denoted by mp. Since N(-;u) is a stationary Hawkes
process, we know from [3, Eq. (6.3.26) in Example 6.3(c)] that M;~*%7(-;u) admits a constant

mean density
NS ()

1— fp<LS>(.;u) ’

We call m;"%~ (u) the local mean density at absolute location u. We have the following result.

(22)

i ) =

Corollary 5. Let 8 € (0,1]. Assume (LS-1), (LS-2), (LS-3), (LS-4). Then, for any T, N
admits a density function my satisfying

|/\<Ls>|
|m1T|oo =7 _ C<LS> :

Moreover, we have, for allu € R, T >0 and b > 0,

esssup |[mip(t) — miy" (u)| < Cy <C2 + bﬁ) T, (23)
s [t=Tu|<b

where m$"% (u) is defined in (22), and Cy and Cy are defined in (20).

Proof. The existence and uniform boundedness of mq7 is embedded in Definition 1. Let now
uw e R T >0and b > 0. Applying Theorem 4 with m = 1, we have for all bounded and
integrable functions ¢ defined on RY,

[ att = Tamarto) i it [ <1 (I + Calal) T

We define the function f on R¢ by

Ac(u)

f(t) = mlT(t) - 1— fp<LS>(.-u) ’

so that the previous display reads

[ st~ <cr (g + Calal) T (24)

Let a be any positive number strictly smaller than the left-hand side of (23), that is, a <
ess Sup|;_py|<p | f()]. Then there exists a Borel set A C {t : [t — Tu| < b} with positive
Lebesgue measure, [ 14 > 0, such that |f(t)| > a for all t € A. Let g be the function defined

12



so that g(t — Tw) is equal to the sign of f(t) if ¢ € A and to zero everywhere else. Then we

get that
o [ua< [11=] [ate-Tusoa]

On the other hand we have |g|; = [14 and

919) :/|9(8)| 517 dté/A It — Tul? dt < bﬁ/lA,

where we used that A C {t : [t —Tu| < b}. Inserting these bounds in (24) gives that

a/1A§C1 <bﬁ/1A—|—C2/1A> T8,

Simplifying by [14 > 0 and letting a tend to ess supj,_ry<p |f(t)], we get the result. O

4. Time-frequency analysis of point processes

One of the benefits of locally stationary time series is that they provide a non-parametric
statistical framework for time frequency analysis of time series, see [19] for a recent contribu-
tion. We show here how such ideas can be applied to locally stationary processes. Throughout
this section, we take ¢ = 1 for sake of convenience and D = [0, 1]. Most of the definitions and
results easily extend to £ > 2.

4.1. Local Bartlett spectrum

Following [3, Proposition 8.2.I], the Bartlett spectrum I' of a second order stationary
point process N on R is defined as the (unique) non-negative measure on R such that, for
any bounded and compactly supported function f on R,

Var (N() = £(£) = [ |fw)] T(aw)

where f denotes the Fourier transform of f,

:/f(t) e 1 dt

For stationary Hawkes processes with immigrant intensity A, and fertility function p, the
Bartlett spectrum admits a density given by

A
2n(1— [p)

see [3, Example 8.2(e)]. Under (LS-1), applying this result to the stationary Hawkes process
N(-;u), we have, for any bounded and compactly supported function f,

Var(N(f;u) = T (1) (25)

I'(dw) = 1= p(w)| ™ dw,

where
AS ()

27(1 — [ p<ts>(;u))

<" (dw;u) = |1 — <" (w; u)|_2 dw , (26)

13



with
ﬁ<LS>(w;u) — /p<LS> (t; u) e—itw dt .

We call '~ (;u) the local Bartlett spectrum at absolute location u. We have the following
result, which says that, although N7 is not stationary, for T" large enough, its variance in the
neighborhood of T'u can be approximated by using the local Bartlett spectrum at absolute
location wu.

Corollary 6. Let 5 € (0,1]. Assume (LS-1), (LS-2), (LS-3), (LS-4). Then, for all u € R,
T > 0, and all bounded functions f supported inside [—b,b] for some b > 0, we have

8Cy (b5 + )

Var (N (§77)) = T (75 w0] < =23 Peres

1l (flee +Cslf1) TP, (27)

where <552 (< u) is defined in (26), C1 and Cy are defined in (20), and Cs is defined in (21).

Proof. Let u € R, T > 0 and f be a bounded and compactly supported function. Applying
Theorem 4 with g; = go = f and (25), we get that

8C, TP

Var (Nr(577) = T (7P5)| < o ames (17 + o/l ) (fle +Calfh)

To conclude the proof we observe that if f is supported inside [—b, ], then |f] 5 < Vifl,. O

4.2. Kernel estimation of the local Bartlett spectrum

Let f be a test function and m a moment function (such as m(z) = z, m(x) = 22, ...).
Let b; be a given time bandwidth and ugp a fixed time in [0;1] (namely, ug = to/7 with
to € [0;T]). We build an estimator of E[m(N(f;up))] based on the empirical observations of
Nrp and defined by

~

Blm o No(f);w] = %/moNT(f(- — ))w(t/T) dt,

where w denotes a weight function: w = Wy, 4y @ u = b "W ((u — ug)/by) for some fixed
kernel function W. In practice, f should be compactly supported, so that this integral can be
computed from a finite set of observations in [0,7]. Let K be a real valued kernel compactly
supported and its Fourier transform K such that [|K(w)> dw = 1. Let by be a given
frequency bandwidth and wg a fixed frequency. We wish to estimate the quantity

Voo (wo3 o) = / %Iff((w — wo)/ba)[* T (dw; o), (28)

which in turn is an approximation of the density of '™~ (:;ug) at wy when it exists. We
denote by f = Kj, ., the kernel having Fourier transform w ~— by V2K ((w — wp)/b2). Con-
sequently, by inverse Fourier transform, we get that Kp, ., (t) = b;/ 2eiwot [ (bot). Finally, we
take m(z) = 22 and m(z) = x successively to define

~ ~ 2
Vo1 (w03 10) = B (|NT (K 00)1*s Wy ) — ‘E(NT(sz,wo);Wbl,uo)

(29)

The quantity Fp, 5, (wo; uo) is a natural estimator of Var (N7 (S™T"0 Ky, ). Thus, by (25), (28)
and Corollary 6, p, p, (wo; ug) is a sensible estimator of v, (wo; uo)-
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5. Numerical experiments

5.1. Simulation of locally stationary Hawkes processes

Following Definition 2, we consider a locally stationary Hawkes process (Np)p=o with
local immigrant intensity AS™*~ and local fertility function p<"$~(-;-). Provided that s —
p<t>(s;u) is supported on the positive half line for all u, the conditional intensity of a
stationary Hawkes process recalled in (1) can be extended to the non-stationary Hawkes
processes N7, namely

Ap(t) = AT (/T) + > p= (¢ — 3 ¢/T)

t;<t

where (¢;);cz denote the points of Np. It follows that, for a given T' > 0, the non-stationary
Hawkes process Np can be simulated over the interval [0, 7] by using Ogata’s modified thin-
ning algorithm (see [20]). This algorithm is a recursive algorithm which only requires that,
having simulated the process up to time ¢, one is able to provide an upper bound

M(t) > sup (AsLS><s/T>+Zp<LS><s—ti;s/T>) .

se(t;T) <t
Choosing A5~ and p<"~(-;-) adequately, one can for instance use the bound

M (t) = sup (AS" (u)) + Z sup sup (p<"%7 (s — t;;u)) .
u€R ti<t u€R s>t

A classical drawback of Ogata’s algorithm is that, in order to initiate the simulation, say
at time ¢ = 0, one needs in principle to have the points ¢; < 0 at hand, which is of course
not the case. In a stationary context, one can use a burn-in period and shift the time origin
to start the process in a close to steady state. In a non-stationary context, one is in fact
allowed to assume the process to be empty on the negative half line, which would correspond
to have AS™~ (u) = 0 for all w < 0. This setting makes Ogata’s algorithm perfect to simulate
Nr over [0,7]. However, to avoid border effects at the beginning of the sample, we used a
burn-in period to initiate the process in a close to steady state, which corresponds to setting

ASES> (y) = ASH5>(0) and p<"> (- u) = p<">(-;0) for all u < 0.

5.2. Examples

We consider a specific class of examples by taking a constant immigrant intensity A. and
by focusing on a local fertility function with the shape of a Gamma distribution. Namely, for
positive parameters §, {, 7 > 1 and 0, let us denote by pg the fertility function defined for all
s € R by
n—1 ene—ﬁ(s—é) .

G(U) 5>6

with G(z) = fooo 5*~1e™% ds denoting the usual Gamma function. Note that J is a time-shift
parameter which induces a periodic phenomenon in the self-exciting generating process: each
event may generate a new event only after a delay §. For this specific fertility function, we can
easily compute the quantities appearing in our assumptions (e.g. [pg = ¢ and pg(s; 6, ¢, n,0)
is maximal for s = % + d) and we can exactly compute the corresponding mean density

ma1(9, ¢, n,0) and Bartlett spectrum I'g(dw; d, (,n,0):

pa(s;0,¢,n,0) = ((s —9)
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Ac
hd mG1(57C77770) = 1-¢ and

0 Toldwss . 0) = b0 > dw, with

27|l — pe(w; 6,¢,n, 0)|

. 1 -n
pelwid G ) = e (14 2)

Now, letting the parameters depend on the real time u provides the definition of a local
fertility function,
P (s3u) = pa(s30(u), C(u),n(u), O(u)) -

The local mean density m;" (u) and the local Bartlett spectrum I'<*5>(+;u) can be defined

accordingly from mg1 and ', respectively. In our examples, the shape parameter 7 remains
constant and the other parameters are Lipschitz functions of u, assumed to be constant outside
the interval (0,1). Such a choice for the fertility function satisfies (LS-1), (LS-3) and (LS-4)
with 8 = 1 provided that

(%7 = sup C(u) <1, inf O(u) >0,
u€(0,1] u€[0,1]

and, if § is not constant, one has moreover to assume that n > 2. We focus our numerical
study on two examples:

e Ezample 1 [Exponential case without delay]:

Ae=05, 0=0, n=1, ((u)=(cos(2mu)+2)/4 and O(u)=cos(2mu)+ 3/2
for u € [0,1].

e Example 2 [Gamma case with varying delay/:

Ae=05, n=2, (=05 6=1 and
6(u) = (6 — 10u) x 1jg,1 /91 () + (10u — 4) X 1(1 /9,17 (u) for u € [0,1].

Note that Example 1 has a time varying local mean density m;"5> (since ¢ varies) and
Example 1 has a constant local mean density m"%”. Both examples, however, exhibit time
varying local Bartlett spectra I'<\S>,

Figure 1 displays the theoretical local intensity m; "5~ (as a function of the absolute time
u € [0,1]) and the theoretical local Bartlett spectrum I'S"5> (as a function of the absolute
time u € [0, 1] and the frequency w € [0, 1]) for Example 1 and Figure 2 displays the theoretical
local Bartlett spectrum I'S*~ (as a function of the absolute time u € [0, 1] and the frequency
w € [0,2]) for Example 2. Because in the second example, the delay § is varying linearly
between 6 and 1 for u going from 0 to 1/2 and then back to 6 for u € [1/2,1], we see the
spectral content evolving accordingly with a peak frequency evolving as the reciprocal of
the delay (increasing for w going from 0 to 1/2 and then decreasing for v € [1/2,1]). We
can simulate one trajectory of Np for each example over the interval [0; T] by using Ogata’s
algorithm as described in Section 5.1.

Figure 3 and Figure 4 display the associated conditional intensities Ar(t) for ¢ € [0,T]
for these two simulated point processes with T = 10000. The fact that the mean density is
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varying in Example 1 is visible on Figure 3 as the conditional intensity sharply decreases in
the middle of the sample. On the contrary, the conditional intensity is fluctuating around the
same average in Figure 4 which matches the fact that the mean intensity is constant in this
example.

Based on these two samples of N7, we finally compute the estimator 7, p, (w;u) defined
by (29), over an appropriate grid for (w;u). We set by = 0.05 and b; = 0.1 in these experiments
and we used [—1/2,1/2]-supported triangular shapes for kernels K and W. The obtained
estimates of the local intensity and local Bartlett spectra for Example 1 and Example 2 are
respectively given in Figure 5 and in Figure 6.

We observe that the estimated local Bartlett spectra show the main features of the true
underlying spectra, which illustrates the approximation result derived in Corollary 6.
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Figure 1: Theoretical local intensity (top) and Bartlett spectrum (bottom) for Example 1.
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Figure 2: Theoretical local Bartlett spectrum for Example 2.
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Figure 3: Conditional intensity function of a simulated Hawkes process with respect to Example 1, with
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Figure 4: Conditional intensity function of a simulated Hawkes process with respect to Example 2, with
T = 10000.
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6. Proofs

6.1. Laplace functional of non-stationary Hawkes processes
In this section we suppose that IV is a non-stationary Hawkes process as defined in Sec-
tion 2.3 with immigrant intensity function A. and varying fertility function p(-;-) satisfy-
ing (10).
We define
L(g|t) = E[exp N(g[t)] , (30)

conditioning on N, and using that N, is a PPP with intensity \., we get that, for well chosen
functions g,

L) =E [exp / log £(glt) Nc(dt)} ~ exp / (L(glt) = 1) Ault) dt . (31)
By (4) and monotone convergence we have, for all non-negative functions g,
L(glt) = Tim L, (glt) . (32)
where
Ln(glt) =E [exp > NW (g\t)] :
k=0

Moreover, by dominated convergence, Equation (32) remains valid for complex valued func-
tions g, provided that £(|g||t) < co. Let us define, for functions g and h and t € R,

2,00 = (t) + [ (1) pls—ti5) ds. ()

The integral in (33) is always defined if & is non-negative but may not be finite. If h is complex-
valued, ®,4(h) is well defined whenever ®,(|h|) < co. We denote the n-th composition of the

operator ®, by
P =Pg0--- 0P,
—_——

n terms

We have the following relationship between ®4(t) and L, (g|t).
Proposition 7. We have, for all non-negative functions g and all t € RY,
La(glt) = exp ([95(9)] (1)) -
The same formula holds if g is complex valued, provided that L, (|g||t) < oo.
Proof. See Section Appendix A. O

We now consider a function g depending on a second variable z € U. We thus extend the
definition of the operator ®, to functions h defined on R x U as

[@g(R)](t,2) = g(t,2) + /(eh(s’z) —1p(s—t;s)ds teR, z€U, (34)

with some adequate conditions on p(+;-), g and h to guarantee that the integral is well defined.
In particular, in order to obtain a control of the derivatives of L(g(-, z)|t) with respect to z,
we work within the space O (U) by adding some control on adequate norms of the functions
(see Section 2.1 where the main notation is introduced). Proposition 7 and (32) immediately
provide a way to express L(g|t).
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Corollary 8. Let g € O (U). Suppose that there exists a compact set K C U and roo > 0
such that the sequence (@Z(!g\))n>l takes its values in By (roo; K,00). Then, we have, for

(Lebesgue) almost every t € R® and all z € K,
L{g(,2)[t) = lim exp ([0 (g)](t,2)) -

The following lemma will be useful.

Lemma 9. Let p € [1,00]. Suppose that h,h' € O, (U) N O (U). Then e — e also belong
to O, (U) and, for any compact set K, if hlo koo V |h’|@’K7Oo < Teo, we have

- < el ‘h —hn
O,K,p

e’ —e (35)

‘ h_ W I
O,Kp *

Let now 8 > 0 and suppose that h,h' € O (U). Then, for any compact set K, if |h|@7K7C>O V
W6, K00 < Too and |h— g ¢ (5 < 00, we have

¢ - eh/‘@,mﬁ) << [h=Wlo k) - (36)

Proof. This follows directly from the inequality |e* — e¥| < e¥(y — z) valid for all y > z. O

Mimicking the notation introduced in (LS-1) and (LS-4), we consider the following as-
sumption.

(NS-1) We have (1 <1 and (s < 00 where (g = supycpe [p(51)],-

Recall that the first condition in (NS-1) already appeared in (10) of Definition 1. By Lemma 9,
we have that if h € O (U) N Oy (U) then e* — 1 € O (U). Consequently, if (o, < oo, then
we get that, for all t € R® and compact sets K C U,

hW)—l( ~t:8)ds < ‘h—1‘ <
[ sl =1l s - ops <ot 1] < e

and, applying Lemma 15 for any ¢ with p defined as the measure having density s — p(s—t; s),
it follows that, if g € O (U), then ®4(h) € O (U). Applying this line of reasoning, we get the
following result.

Proposition 10. Suppose that (NS-1) holds. Let g € O1(U) N Ou (U). Then, for all
h € O1(U)N Ox (U), the function (t,z) — [®,(h)|(t,z) in (34) is well defined on R® x U
and belong to O1 (U) N Oy (U). Moreover, for all h,h' € O1 (U) N Ou (U) and compact sets
K cU,

h
(0) |Pg(1)l6 k¢ 00 < 1910 100 + oo [€" =1 1
h
(6) 124(1)lo 11 < 1910101+ €1 e =g ey
Dy(h) = y(h)lg s < G e —e|
(6) 124()  @g(H) g0 < G1 [ =¥
We now derive a stability and contraction property on the operator ®, for the norms

H@,K,l and |'|(§,K,oo-
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Proposition 11. Suppose that (NS-1) holds. Let

Teo € (0,—log¢1) and ri € (O,Tooe_’"‘x’ﬁo_ol) ) (37)

Then we have
Ri:=m (1 — Cler‘x’) € (0,7’1) s (38)
R =700 — € (om1 € (0,700) - (39)

Let K C U be a compact set and g € By (R1;K,1) N By (Reo; K,00). Then Bg (r1; K,1) N
Bp (roo; K, 00) is stable for the operator ®,, which is strictly contracting on this set for the
norm |-|g g 1. More precisely, we have

[@g(h) — 24(W)lg k1
77< T oo 1
T o, T

where the sup is taken over all h,h" in Bp (11; K,1)N Bg (roc; K, 00) such that |h — B|g g4 >
0.

Proof. Recall that (NS-1) implies ¢; < 1. Obviously, (37) then implies 0 < (je"~ < 1 and
then (38) and (39). Let now K C U be a compact set, g € Bp (R1;K,1) N Bp (Reo; K, 00)
and h € By (r1; K,1) N By (100; K, 00). By Proposition 10 with Lemma 9, we get that

19(R)lo. 51 < l9lo, k1 +C1e™ |hlo ka
SRi+Ge~ri=nr.

And, similarly,

[9(M) 16,100 < 1910, K00 + Coo € [Rlo k1
< Roo+ (o€ r =rs .

Then, ®4(h) € By (r1;K,1) N Bp (1e0; K,00). Finally, using again Proposition 10 with
Lemma 9, for all h,h' in By (r1; K,1) N Bp (reo; K, 00),

|, (h) — Dy (' <G e |h—h

)|@,K,1 ‘@,K,l ’

which concludes the proof. O

The stability obtained in Proposition 11 allows one to apply Corollary 8 which says that
L(g(-,z)|t) can be expressed as the limit of exp ([®7(g)](t,z)) as n — oo for all z and almost
every t. On the other hand, the space O; (U) endowed with the convergence in the norm
|-|@7 K1 for all compact sets K C U can be made complete by taking equivalent classes
for the equivalence relationship hRE if h(t,z) = h/(t,z) for all z € U and almost every
t € RY. Then the standard fixed point theorem shows that (®2(g))n>1 converges in O (U)
to the unique fixed point of ®,, and applying Lemma 9, (exp(®y(g)))n>1 in fact converges to
(t,z) = L(g(-,2)[t) in O1 (U). This is summarized in the following corollary.

Corollary 12. Suppose that (NS-1) holds. Let g € O1 (U)NOy (U). The following assertions
hold.
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(i) Let K C U be a compact set. If there exist r1 and roo satisfying (37) such that g €
By (R1; K,1)NBp (Roo; K, 00), with Ry, Roo defined by (38) and (39), then the sequence
(@5 (9))n>1 takes its values in Bg (r1; K, 1) N B (1oo; K, 00).

(i) Suppose that for all compact sets K C U, there exist 1 and ro satisfying (37) such
that g € By (R1; K,1) N By (Reo; K, 00), with R1, Ry defined by (38) and (39). Then
log L(g|) satisfies that, for almost every t € RY, z — L(g(-, 2)|t) is holomorphic on U
and, for all compact sets K C U,

lim SSE ‘ﬁ(g(-, z)|t) — exp ([@Z(g)](t, z))‘ dt=0.

n—oo

Note in particular that applying (31), Lemma 9 and Lemma 15, this corollary implies that
if A, is uniformly bounded on R’ then z + £(g(-, z)) is holomorphic on U.

6.2. Locally stationary approximation for component point processes

We now consider a locally stationary Hawkes process (N7 )7 with local immigrant inten-
sity As™> and local fertility function p<5>(-;-), see Definition 2. Note that, for any 7' > 0,
Assumptions (LS-1) and (LS-4) imply (NS-1) for p(s;t) = p<*5(s;t/T"). Hence we can apply
the results derived in Section 6.1 to the non-stationary Hawkes processes Nr. Also, for any
fixed u € R, the same assumptions imply (NS-1) for p(s;t) = p<*5>(s;u) (this p(s;t) does not
depend on t) and hence we can also apply the results derived in Section 6.1 to the stationary
Hawkes processes N (-;u).

Let us denote by Np(:|t) and N(-|t;u) the component processes at point ¢ of Np and
N(-;u) and let Lr(g|t) and L(g|t; u) denote their Laplace functional, defined as in (30). As
in Section 3.1, we will in fact take g depending on two variables (¢, z) € R® x U and make the
convenient abuse of notation to keep denoting Np(g[t), N(g|t;u), Lr(g|t) and L(g|t;u) the
corresponding functions defined on U, that is, for instance, [N7(g|t)](z) = Nr(g(-, 2)|t). And
so, continuing the same example, N7 (g|-) is a function defined on R? x U. The goal of this
section is to approximate, for any given u € R¢, Lp(S~T4g|t) with L(g|t;u) as T — oo.

In the locally stationary setting, we use the notation ("> introduced in (LS-1) with
g =1 and (LS-4) with ¢ = oo so that the conditions on r; and 7+ in (37) read

Too € (0,—1og (7)) and 7y € (0,rece” ™ ((X57) 1) . (40)

and the definition Ry and R in (38) and (39) are replaced by

Ry=7r1 (1-¢7e™) € (0,71), (41)
Roo =700 —e"™("r1 € (0,750) - (42)

Based on these definitions, we say that g € Op (U) N Oy (U) satisfies Property (P) if the
following holds.

(P) For any compact set K C U, there exist 71 (K) and ro(K) satisfying (40) such that
g € Bs(Ri1(K);K,1) N Bp (Reo(K); K,00), with Ri(K), Rso(K) defined as in (41)
and (42).

We have the following result.
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Theorem 13. Suppose that (LS-1), (LS-3) and (LS-4) hold. Let 3 € (0,1] and g € O1 (U) N
Ouo (U) satisfying Property (P). Then for all u € RY and T > 0, and for almost every t € RY,
z = L(g(-,2)|t;u) and z — Lp(g(-, 2)|t) are holomorphic on U. Moreover, for all compact
sets K C U,

[ supler(s 210 — (ot 2] 4t < ARV T (lglose s+ BED) . (43)

where
‘g(ﬁ)‘l 2700 (K)

(1 - ¢Fer=))?

(Ind B(K) :rl(K)e"‘oo(K)<-<LS> )

A(K) = 3)

Moreover, we have

Too (K)
u) — 1 |28 © -

The proof of Theorem 13 requires some preliminaries. By Remark 3 and since g +—
L(g|t; w) is translation invariant (for all s, £(S®¢g|t;u) = L(g|t;u)), we can take u = 0 without
meaningful loss of generality. For convenience, we denote by p<5~ () the local fertility function
p<t7(t;0) at u = 0.

Following the definition of ®, in (34), we set, for any g € O (U),

@rg()62) = glt,2) + [ (o009 = 1) p=57(s — tis/) ds. (45)
(@557 (R)](t,2) = g(t, 2) + / <eh(s’z) - 1) p<57 (s —t)ds. (46)

The following lemma will be useful.

Lemma 14. Let 8 € (0,1]. Suppose that (LS-1) and (LS-4) hold and define r1 and ro as
in (37). Let g € By (R1;K,1) N Bp (Roo; K,00) with Ry and R defined by (38) and (39)
respectively. Let r(g) be a constant satisfying

P > (L= &G e (47)

Then we have
R(ﬁ) = T’(B)(l — er°°<1<LS>) — Tlerw<é§S> € (O,T’(B)) . (48)

Moreover, for all compact sets K C U, if g € Bp (R1; K,1)NBp (Roo; K, 00)NBg (R(g); K, (ﬁ)) ,
then Bg (r1; K,1) N Bp (roo; K, 00) N B (7’(5); K, (B)) is stable for the operator 5=

Proof. Let K C U be a compact set. Suppose that g € By (R1;K,1) N By (Reo; K, 00) N
Bp (R(B); K, (6)) . We already know from Proposition 10 that then Bg (r1; K, 1)NBg (Too; K, 00)
is stable for the operator ®4. Let now h € Bp (r1; K,1) N B (1o0; K,00) N B (r); K, ().
Then we have

It|? dt

D / <eh(8’z) — 1) p=7 (s —t)ds
z€

<l9lo,k,p) + / sup els:2) 1( < / PS> (s — 1) \t\ﬁdt> ds .

955 ()l i 5) < lolossc + [ sup
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Observe that, using that |r — s|® < |r|? + |s|? for 8 € (0,1], we have, for all s € R,

[ = ia = [ 57 ) b= s < [ |y 0 ] 1
Inserting this bound in the previous display and using Lemma 9, we get that
<s> 0o [ <S> _ o | <S> _
|®5 (h)‘@,mﬁ) <lglox. +€>|p ‘(ﬂ) 1l rq + €™ [P} 1hlo k s)
< Ry + (G e () =g
where the equality follows from (48). O
We can now prove Theorem 13 in the case u = 0.

Proof of Theorem 13. We deduce from the preliminaries that Proposition 11 and Corollary 12
apply for each T > 0 and each u € R?. Thus for almost every t € RY, z — L(g(-, 2)|t;u) and
z +— L7(g(+,2)|t) are holomorphic on U and it only remains to prove the bound (43) for a
given compact set K C U, again picking the case u = 0 without loss of generality, in which
case we denote L5 (g|t) = L(g|t;0). We suppose that

1916,k < 00 (49)

(Otherwise the right-hand side of (43) is infinite and there is nothing to prove.) Then by
assumption on g and Proposition 11,

B :=Bs (r(K); K,1) N Bg (reo(K); K, 00)

is stable both for ®7,4, and ®5°> and moreover these operators are Lipschitz for the || OK1
norm with Lipschitz constant
pi= (e < 1.

Let us now write, for any n > 1 and all h € B,
n—1
‘<1>%,g(h) _ <I>g<s> n(h)|@’K71 < Z ‘(I)%;k ° <I>g<s> k(h) _ (I)g«;k_l ° (I);S> k+1(h)‘
k=0
Using the Lipschitz property of ®r, in B, we get, for all h € B,

n—1
‘(I)%g(h) . (I)g<s> n(h)|(§7[{71 < an—k—l ‘(I)T,g o q)g<s>k(h) o (I)g<s> k—i—l(h)‘@ e (50)
k=0 n

Using (LS-3), we have, for all h € B,

|®@74(h) — 55 (h)‘@7K71 = /Sg}]:; /(eh(s’z) —1) [p7 (s — t;5/T) — p="* (s — t;0)] ds| dt
<T7# / sup ‘/(eh(s’z) —1) P (s —t)|s|? ds| dt
z€EK

<77 ‘5(5)‘1 ‘eh B 1‘@,1{7(5) '
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Using Lemma 9 and inserting this in (50), we get, for all h € B,

n—1
[y () = 25| g o T O] e 3o e w6
k=0 o

By Condition (49) and since p = (;~**7e"* < 1, we have
(1 — <1<Ls>eroo)—1 mer’ooc(<ﬁ155> < (1 _ C1<LS>eToo) <|9|O K.8) + Tleroo<<LS>> < oo,
and thus, for all

i > (1= =) (ol s + e =) - (52

the R(g) defined by (48) is such that [g]p x (5) < R(g)- Then Lemma 14 gives that the set
Bg (r1; K,1) N B (reo; K,00) N B (T(B);K, (B)) is stable for the operator 55> . We thus
have, for all h € By (11; K,1) N Bp (Teo; K, 00) N B (r(g);K, (B)) and k > 0,

#5740 gy < 0 3)
We thus get from (51) that, for all h € B (r1; K,1) N Ba (reo; K, 00) N B (7‘(5); K, (ﬁ)), we
have

‘q)iyhg(h) o <1>g<s>n

‘OK1<T ’ ‘5 ‘ e’ 7"(5)(1_9)_1

To conclude, we apply this to h = g (since by construction g € Bz (R1; K, 1)NBg (Reo; K, 00)N
Bp (Rs); K, (B)) C Bp (r1; K,1) N Bg (1o0; K, 00) N Bg (r(5); K, (8)) and let 74 tend to the
right-hand side of (52) and obtain that, for all n > 1,

. €@, eree (!g\@,x,(m ”16%5(7339)
‘o K1 = (1— C1<LS>eroo)2 '

|2 (9) — 2%

With Lemma 9, it yields that, for all n > 1,

€], e (Il 8 + 1G5

(1 _ <1<LS>eroo)2

‘GXP (‘I’?,g(g)) — exXp (q);s>n )|0K1 <17’

Applying Corollary 12, we thus obtain (43) for all compact sets K C U.
The bound (44) is a by product of the above proof. Namely, observe that by Corollary 8
and Fatou’s lemma, we have

[ sup 1257 (gt 2y = 1] 11 at = [ sup T Jexp (@55 " (0))6,2) 1] 10 a

. . <s>n _
< liminf |exp 27577 (g) 1‘@,&(6)

Now recall that we already used that B (r1; K, 1)NBg (700; K, 00)NBa (T’(B); K, (6)) is stable
for the operator (IJ;S> , 8o with Lemma 9 and the previous bound we get

/sup|,c<s> g 2)IE) — 1| [t dt < e v,
zeK

Letting r() tend to the right-hand side of (52) as above we get (44) in the case u = 0, which
concludes the proof. O

26



6.3. Local Laplace functional

We use the same notation as in Sections 6.1 and 6.2. Let us first explain how to use the
previous results (mainly Proposition 11 and Theorem 13) for deriving the Laplace functional
L7(S~Tug) of Ny and the Laplace functional £(-;u) of the stationary Hawkes process N (-;u).
We again set u = 0 in the following without loss of meaningful generality and denote £L<%” =
L(:30), L5 (g|-) = L(g]0), AS*” = ATH7(0) and p=*> = p=t*>(;0).

We suppose that the assumptions of Theorem 13 hold for some given function g. Let @%’Q
and ®;5> > denote the two fixed point limits given by Proposition 11, which, for all compact
sets K C U, are elements of the stable set By (r1(K); K,1) N By (reo(K); K, 00). Note that

Proposition 10 shows that exp (@5‘9 g) — 1 is essentially bounded on R x K for all compact

set K C U. Hence, from Corollary 8 and applying (31), we get that if |A\F"*7|_ < oo, for all
T >0,

Lr(g) = exp/ (exp (@%ﬁ’g(t, )) — 1) ASESZ(t/T) dt
and
£ (g) = e (3 [ (e (857 (00) ~ 1) ) |
and by Lemma 15, these two functions are holomorphic on U. We thus define Kp(g) and
K(g;u) by
r(9) = [ (exp (85, (t,9) — 1) A5 /1) de

and
K= (g) = K(g;0) = AT /(eXp (@55 (¢, ) — 1) dt

Now we observe that, for any compact set K C U,

‘ICT(g) — 5> (g)|O,K < 3161][; ‘/ (exp (q)%?g(t,z)) — exp (<I>g<s>°°(t,z))) ASESZ (/T dt‘

+ fg}? ‘/ (exp (@557 (L, 2)) — 1) (ASY*7(t/T) — Xe(0)) dt‘ =: (I) + (IT) .

We can bound (I) as

D) < A foxp (2F,) — exp (2557%) 5

= ‘)‘C<LS>|OO /Sup ‘ﬁT(g(a Z)’t) - £<S> (9(72)‘t)‘ dt .
z€K
Using (LS-2), the term (II) is easily bounded as
(11 < P 7=~ Sup/|exp (@557 °(t, 2)) — 1| t[Pdt
z€EK

— ¢ T8 sup / L5 (g, 2)[t) — 1] |¢)°dt
zeK

<P / sup [£557 (g, 2)lt) 1] f’at
zE
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We can now bound (I) and (II) by relying on Theorem 13, so that

roo (K)
O+ <7’ {|A§LS>|OO A(K) +¢0) — C‘}L%M(K)} (I9lo 1. + B+ (54)

provided that the assumptions of Theorem 13 hold. Hence, the proof of Theorem 2 now boils
down to the following.

Proof of Theorem 2. As explained above, we just need to prove that the assumptions of The-
orem 13 holds. The only non-trivial one is to prove that g satisfies Property (P). Let K C U
be compact. We set

1
Too(K) = —Elog G

which by (LS-1) satisfies the left-hand side condition of (40). Then the right-hand side con-
dition on 71 (K) reads

0 < 71(K) < roo(K)(GT7) (G5 (55)
and R;(K) and Ro(K) defined by (41) and (42) are given by

Ry(K) = ri(K) (1= (G7)Y2) and - Roo(K) = 1o (K) = (G77) V27 (K) -

Condition (17) and the choice of ro (K) above implies

1910,k _
0= ey < R HE) T =,
1

Now, any 71 (K) strictly being between these two boundaries satisfies (55) and the corre-
sponding R (K) satisfies |g|p ;o ; < Ri(K). Moreover as r1(K) tends to the lower boundary
a from above, we have

A LT

From (18), we obtain that |g|p o, < Roo(K) for r1(K) chosen close enough to a. Hence
we have shown that g satisfies Property (P) and the proof is concluded. The constants C
and Cy in (20) correspond to the {...} term in (54) and B(K) with the above definitions of
Too(K) and 71 (K). O

6.4. Local cumulants

Proof of Theorem 4. We apply Theorem 2 first with g(t, z) = z h(t), defined on (¢, 2) € R*xC
and then with

g(t,z) => 2 g;(t) (56)
j=1

defined on (t,z) € R x C™. The fact that Np(h) and N(h;u) admit finite exponential
moments for a bounded integrable function ¢ : RY — R is a direct application of Theorem 2
for the first choice of g.
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We now apply the theorem with g defined as in (56). We assume such that | gj](ﬁ) < 00
for all j = 1,...,m (otherwise the right-hand side of the inequality is infinite and there is
nothing to prove). Take U the polydisc P*(0) of C™ with center 0 and radius r > 0. In this
case we have, for any compact set K C U and any ¢ € [1, o0],

m
910,104 <7 Z 195 -
i=1

Hence (17) and (18) hold for r small enough so that the two following inequalities hold.

A

o

1 _
iy < (—5108 7 ) (7)) 1 - )2
1

1 3 3 m
195100 < =5 log (77 = (G77) VA=) T Y gl
j=1

r

NER

J

Il
,_.

The largest r satisfying these two conditions is easily found to be

_ (—log (77 /2)
Y 1g5loe + (GTH7) TS (1= GEH) T2 30 gl

Moreover we also have

9lo.k 8 <T Z; 19518y -
]:

Hence Theorem 2 with (14), the above bounds on [g|p 1 and |g|p k), and the Cauchy
inequality (2), imply

|Cum (NT(S_T“gl), . ,NT(S_T“gm)) — Cum (N(g1;u), ..., N(gm;w))|
<im e Y (losl + Calgsl) 777

7j=1,...m

for any ro € (0,r). Letting ro tend to r, this bound is still valid with ré_m replaced by

m — _ m m—1
S 19l + (GF57)TH2C (1= (79) T2 gy,
(—log (57 /2) '

This concludes the proof. O
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Appendix A. A postponed proof and a useful lemma

Proof of Proposition 7. By denoting by F; the o-algebra generated by the family (N (k))ogkg 'z
we have

epoN(k (glt)
k=0

Ln(glt) =

epoN (gt) + E |exp N (g|t) | Fr_ 1}]

Since conditionally on F,,_j, N(™(-]t) is a sum of independent PPP’s with intensities s
p(s —r;s) with 7 describing all points of N1 (.|t), we have for any h : Rf — R,

E [eXpN (h|t) | Fr— 1} = exp (/(eh(s) — Dp(s —r;s)ds N("_l)(dr|t)> .

Applying this with the definition of ®, and iterating, we get

n—1
E |exp Y N (glt) + E [exp N® (nlt) |}"n_1]]
k=0

=E exp(

=E |exp ( N®(glt) + NT=D([@g 0 y(h)] It)>]
L k=0

2

3
|

(glt) + NI ([@4(R)] !0)]

3 >
w O

—E |exp (NO(@3(n)] 1)) ]
— exp ([O2(M](1)) -
Applying the obtained formula with A = g, we obtain the claimed result. O
The following lemma is a straightforward application of the Cauchy inequality (2).

Lemma 15. Let u be a non-negative measure on R¢ and h € O (U). Suppose that for all
z € U, there exists a meighborhood V- C U of z such that

1 <sup h(-,z)> < 00.

zeV
Then z — p(h(-,2)) belongs to O (U) and for any multi-index o, we have, for all z € U,
O*u(h(-,2)) = p(95h(,2)) -
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